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1. INTRODUCTION
The geodesics on a Riemannian, or more generally, on a semi-Rieman-
nian manifold, can be characterized by means of ordinary differential
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equations. However, in order to obtain results on the existence of geodesics
between two fixed points, the general theory of differential equations can
only be used to develop a local theory and does not provide sufficient tools
to prove global results. For this reason, and also for many other applica-
tions, a variational characterization for geodesics is used, and to prove
results of existence and multiplicity one uses all the machinery and
techniques from calculus of variations, global analysis on manifolds, and
critical point theory.
ŽThe geodesics between two fixed points are stationary points not
.necessarily minima for the length functional in the Riemannian case, or,
more generally, for the action functional for matrics of arbitrary signature,
defined in the space of all curves joining the two given points and
satisfying suitable regularity conditions.
For instance, in the case of a Riemannian manifold M , it is proven in
the classical literature that the action functional, which is bounded from
below, satisfies the PalaisSmale compactness condition precisely when M
is complete. This result, together with the theorem of Hopf and Rinow,
can be applied in a number of situations to obtain precise information on
the number of geodesics joining two points. Moreover, in the Riemannian
case one proves that the Morse index of the action functional at its critical
points is finite, and the Morse Index Theorem can be proved to obtain
extra information on each geodesic, such as the presence of focal points,
and to obtain relations between the geodesical structure and the topologi-
Ž  .cal structure of M see e.g. 7 .
When one passes to the metric of an arbitrary signature, the situation
becomes quite complicated, due to the following main difficulties:
 The HopfRinow Theorem does not hold;
 the action functional is unbounded both from above and from
below;
 the Morse index of the action functional at its critical point is
infinite.
It can be shown by several examples that all kinds of geodesic pathologies
can occur, such as geodesical disconnectedness or incompleteness, even in
Ž the case of a compact semi-Riemannian manifold see e.g. 14, 16, 18,
.19 .
The problem of the geodesical connectedness and some related ques-
tions for Lorentzian manifolds, i.e., semi-Riemannian manifolds with met-
ric tensor of index 1, have been studied using global variational methods,
mostly by Benci, Fortunato, Giannoni, and Masiello, in a series of articles
 which appeared in the past few years, starting with 6, 9 . We refer the
   reader to 5 and 12 and the references therein for a reasonably complete
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panorama of the results available concerning variational methods applied
Ž .to the study of geodesics in convex subsets of Lorentzian manifolds.
A common assumption in all of the papers mentioned above is that the
Lorentzian manifold M admits a global spacetime splitting of the form
 4M M , where, for all t , M  t is a space-like submanifold0 0 0 0
 4of M and, for all x  M , x  is a time-like submanifold of M. But0 0 0
then, the results proved were based on hypotheses of metric completeness
for M and of growth of the metric coefficients and their derivatives with0
respect to the given splitting.
It should be observed that such results cover a great number of physi-
cally interesting Lorentzian manifolds; nevertheless, from both the mathe-
matical and physical points of view, the weak point in the approach lies in
the fact that the hypotheses of metric growth are not invariant by a change
of coordinates, i.e., by what physicists consider a simple rescaling of the
space-time variables.
The first attempt to give intrinsic, i.e., coordinate-free, results of
geodesical connectedness for Lorentzian manifolds using global variational
 methods can be found in the paper 10 by two of the current authors. In
this paper a suitable completeness assumption, discussed below, to replace
the completeness of the Riemannian case, and a symmetry assumption are
used. Namely, the Lorentzian manifold M is assumed to be stationary, i.e.,
to admit a time-like Killing vector field Y. The conservation law for a
geodesic induced by a Killing vector field was then used to prove an
alternative variational principle for geodesics, yielding a functional bounded
from below and satisfying the PalaisSmale compactness condition.
 In this paper we want to extend the techniques and the results of 10 to
the case of a semi-Riemannian manifold of arbitrary index k 1. Even
 though some of the main ideas of 10 are carried over to this general case,
we point out that the work presented is not a simple transliteration of the
 results of 10 to the general case. Namely, in the case of a metric of
arbitrary index, in the construction of the functional framework one has to
deal with non-singular matrix operators appearing inside integro-differen-
tial equations. The solutions of such equations contain integrals of the
operators, and so, differently from the Lorentzian case, some singularities
may appear in the operators, obstructing the solubility of certain linear
systems.
Moreover, in the technical proof of the lower boundedness for the
Ž .restricted action functional see Section 2 and Lemma 3.1 , given the
vector-valued integrals involved in the estimates, one is not able to use
directly Holder’s inequality, and sharper estimates to control the behavior¨
of these integrals are needed.
We generalize the notion of stationarity for Lorentzian manifolds by
Ž .requiring that our semi-Riemannian manifold M , g , where g is a metric
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tensor of index k, admits a time-like k-dimensional distribution , which is
Ž .generated pointwise by k linearly independent Killing vector fields
Y , . . . , Y . We recall that a subspace  of T M is said to be time-like if1 k p p
the restriction of g to  is negative definite. We also assume thep
 vanishing of the Lie brackets Y , Y and an intrinsic completeness condi-i j
tion on M ; nontrivial examples of such structures are obtained by consid-
ering warped products of Riemannian manifolds.
 For instance, the reader may find in 17, Example 2.4 a discussion of
two examples of semi-Riemannian manifolds satisfying the above condi-
Ž .tions. In Example 2.4 1 , it is considered a principal fiber bundle P over a
Riemannian manifold B, with structural group G and a warped product of
the metric of B and a biinvariant metric of G. In this case, the vanishing
of the Lie brackets holds precisely when the structural group G is abelian,
i.e., is isomorphic to  k or k.
An explicit example of a vector bundle over a Riemannian manifold is
discussed in Appendix B.
Given such a structure, we prove the existence and, depending on the
topology of M , the multiplicity of geodesics between two fixed points of
M. In order to make our statements precise, we pass to a technical
description of our setup.
Ž .We consider a smooth, connected, km -dimensional semi-Rieman-
Ž .nian manifold M , g , with k, m 1, whose topology satisfies the second
countability axiom and the Hausdorff separation axiom, and we assume
 Ž .that g is a semi-Riemannian C metric of index  g  k. We recall that
the index of a bilinear form is the dimension of a maximal subspace on
which the form is negative definite.
A vector field Y on M is a Killing vector field if the Lie derivative L gY
of the metric tensor g is everywhere vanishing. Equivalently, Y is a Killing
vector field if and only if the stages of all its local flows are isometries, i.e.,
if the metric tensor g of M is invariant by the flow of Y. Hence, the
Killing vector fields are seen as infinitesimal isometries of the manifold M.
In this paper, we will often use the following well-known characteriza-
Ž   Ž .tion of Killing vector fields see 14, Proposition 9.25 . If X M denotes
1 Ž .the Lie algebra of all C -vector fields on M , then Y X M is Killing if
Ž .and only if for every pair W , W  X M it is1 2
² : ² : Y , W 	  Y , W , 1Ž .W 2 W 11 2
where  denotes the covariant derivative associated to the LeviCivita
 connection of the metric g. In particular, if z : a, b M is an absolutely
continuous curve and Y is Killing, then
² :z ,  Y z  0, a.e. 2Ž . Ž .˙ z˙
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We make the following symmetry assumptions on our manifold M :
Ž .Hp1 M admits k distinguished Killing vector fields Y , Y , . . . , Y .1 2 k
Ž .Hp2 The Y ’s generate a k-dimensional time-like distribution  oni
M , i.e., they are pointwise linearly independent, and the restriction of the
metric tensor g on  is negative definite.
Ž .  Hp3 The Y ’s are pairwise commuting, i.e., the Lie brackets Y , Yi i j
are everywhere vanishing on M.
Ž .  Recall that, for W , W  X M , the Lie brackets W , W can be1 2 1 2
written in terms of the covariant derivative as
 W , W   W 	  W . 3Ž .1 2 W 2 W 11 2
Ž .The equation 3 follows from the vanishing of the torsion of the
LeviCivita connection of g. We also remark here that the hypothesis
Ž .Hp3 implies, by the Frobenius Theorem, that the distribution  is
Ž .integrable in the sense of Frobenius , i.e., through every point p M
Ž  .there exists an integral submanifold for  see e.g. 11 .
Ž . Ž . Ž .Remark 1.1. The hypotheses Hp1 , Hp2 , and Hp3 must be consid-
ered as the multidimensional counterpart of the stationarity assumption
 for a Lorentzian manifold used in 10 . Observe indeed that, if k 1, then
Ž . Ž . Ž .Hp1 , Hp2 , and Hp3 reduce to the mere existence of a time-like Killing
vector field Y on M.
1Ž  .We now fix two points p and q in M. We denote by C 0, 1 , M ; p, q
the set of curves in M given by
1   1  C 0, 1 , M ; p , q  z C 0, 1 , M : z 0  p , z 1  q . 4Ž . Ž .Ž . Ž .
1Ž  .The action functional f : C 0, 1 , M ; p, q  is given by the integral
1 1² :f z  z , z ds.Ž . ˙ ˙H2 0
A classical bootstrap argument shows that the stationary points of f in
1Ž  .C 0, 1 , M ; p, q are indeed smooth curves that satisfy the differential
equation
 z 0 4Ž .˙z˙
Ž .and the geodesics in M are precisely the curves satisfying the equation 4 .
Ž .Recalling 2 , we have that if Y is Killing then for every geodesic z in M
² Ž .:the quantity z, Y z is constant,˙
d
² : ² : ² :z , Y   z , Y  z ,  Y  0.˙ ˙ ˙z z˙ ˙ds
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² :We express this fact by saying that z, Y  constant is natural constraint˙
for geodesics. Our variational principle for geodesics is based on this
conservation law.
Ž .Suppose now that M satisfies Hp1 ; let Y , . . . , Y be time-like Killing1 k
vector fields on M. We introduce the space
1  C  z C 0, 1 , M ; p , q : c , c , . . . , c  such that Ž .p , q 1 2 k
² :z , Y  c , .i 1, . . . , k . 5Ž .4˙ i 1
Observe that, by the previous observation, if z is a geodesic joining p and
q then zC .p, q
We give the following completeness condition:
DEFINITION 1.2. Let c be a real number. The set C is said to bep, q
 4 Ž .c-precompact if every sequence z 
C with f z  c has an n p, q n
uniformly convergent subsequence in M. We say that the restriction of f
to C is pseudo-coercie if C is c-precompact for all c inf f.p, q p, q Cp, q
The pseudo-coercivity for the restricted action functional replaces the
completeness condition used in the case of Riemannian manifolds. We
have the following result:
Ž . Ž . Ž .THEOREM 1.3. Suppose that M, g satisfies the hypotheses Hp1 , Hp2 ,
Ž .and Hp3 . Let p, q be two points in M such that C is nonempty and suchp, q
that there exists c inf f for which C is c-precompact. Then there existsC p, qp, q
at least one geodesic in M joining p and q. In particular, if the last hypothesis
holds for each pair p and q, then M is geodesically connected.
Observe that it may happen that the set C is empty; for instance, ifp, q
2 Ž .4 2 2M  0, 0 is endowed with the Minkowski metric dx 	 dy , Y 1
Ž . Ž . y and p 	1, 0 , q 1, 0 , then C . Clearly, the hypothesisp, q
of nonemptiness for C is essential; for, if C , then obviouslyp, q p, q
there exists no geodesic joining p and q. If the vector fields Y arei
complete in M then, for every pair of points p and q, the C is nonemptyp, q
Ž .see Remark 5.3 . We recall that a vector field Y on a differentiable
manifold is said to be complete if all its integral lines are defined on the
entire real line.
If we assume that the semi-Riemannian manifold M is noncontractible,
under the extra assumption of completeness for the Killing vector fields Y ,i
then we can prove the analogue of Serre’s Theorem for Riemannian
Ž  . Ž .manifolds see 20 , that is, multiplicity results for space-like geodesics.
Ž . Ž . Ž .THEOREM 1.4. Assume that Hp1 , Hp2 , and Hp3 are satisfied.
Suppose further that f is pseudo-coercie in C . If the ector fields Y arep, q i
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complete for i 1, . . . , k and M is noncontractible, then there exists a
 4sequence z of geodesics in M joining p and q such thatn n
lim f z .Ž .n
n
 In 18 , the authors prove the geodesical completeness for a semi-
Ž . Ž .Riemannian manifold M satisfying Hp1 , Hp2 , a boundedness condition
on the metric coefficients, and a suitable Riemannian completeness prop-
erty for M.
Theorems 1.3 and 1.4 will be proved in the rest of the paper, which is
organized as follows. In Section 2 we present our functional framework, we
introduce the restricted action functional J, and we discuss and prove a
variational principle for semi-Riemannian geodesics. In Section 3 we prove
that, under the pseudo-coercivity assumption, the functional J is bounded
from below; in Section 4 we prove that J satisfies the PalaisSmale
compactness condition and we prove Theorem 1.3. Finally, in Section 5 we
develop a LjusternikSchnirelman Theory for the critical points of J and
we prove the multiplicity result of Theorem 1.4. For the reader’s conve-
nience, in Appendix A we present some elementary facts about the local
metric structure of our semi-Riemannian manifold M , which were used in
Section 3, and in Appendix B we discuss a concrete example for our
theory.
2. THE FUNCTIONAL SETUP AND THE
VARIATIONAL PRINCIPLE
In this section we fix some notation and we prove some preliminary
results concerning the variational structure of our problem. We will
Ž . Ž . Ž .assume henceforth that the hypotheses Hp1 , Hp2 , and Hp3 are
satisfied.
 We refer the reader to the textbook 11 for the basic notions of the
geometry of infinite-dimensional manifolds.
² :For shortness, for all p M we denote by 	 , 	 the bilinear form
Ž .induced by g p on T M ; moreover, let  denote the k-dimensionalp p
Ž . Ž . Ž .vector subspace of T M generated by Y p , Y p , . . . , Y p . If V
 T Mp 1 2 k p
  ² :is a vector subspace, we denote by V  w T M : w,   0 for allp
4  V the orthogonal subspace. A subspace V
 T M is said to bep
Ž .nondegenerate if the restriction of g p to V is a nondegenerate bilinear
form.
Ž .By the hypothesis Hp2 , for all p M , the space  
 T M is nonde-p p
generate, hence T M  ; then any 
 T M can be decomposedp p p p
uniquely as 
 
  
 , with 
   and 
   . By the wrong-way1 2 1 p 2 p
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Schwartz inequality,  is a space-like subspace of T M ; i.e., the restric-p p
Ž . tion of g p to  is positive definite.p
This allows us to introduce an auxiliary Riemannian metric g definedŽR.
on M as
² : ² : ² :g z 
 , 
  
 , 
  
 , 
 	 
 , 
 , 6Ž . Ž .ŽR .ŽR . 1 1 2 2
for every z M and every 
 , 
 T M. It is straightforward to see thatz
² : ² :
 , 
  
 , 
 , 
 , 
 T M . 7Ž .ŽR . z
1, 2 Ž .If p and q are any two fixed points in M we denote by  M the spacep, q
of H 1, 2-curves in M joining p and q,
1, 2 1, 2    M  z : 0, 1  M z absolutely continuous,Ž .p , q p , q ½
1² :z 0  p , z 1  q , z , z ds .Ž . Ž . ˙ ˙H ŽR . 5
0
1, 2 Ž .It is well known that  M has a natural structure of an infinite-dimen-p, q
Ž  . 1, 2 Ž .sional Hilbert manifold see 15 and for z M the tangent spacep, q
T 1, 2 can be identified with the space of H 1, 2-vector fields along z,z p, q 0
1, 2 1, 2  T  M  
H 0, 1 , T M , 
 0  
 1  0, 
 T M s ,Ž . Ž . Ž .Ž . 4z p , q zŽ s.
where
1, 2    H 0, 1 , T M  z : 0, 1  T M 
 absolutely continuous,Ž .
 
 4
and
12
1 ŽR . ŽR . 
   
 ,  
 ds . 8² : Ž .H Ž .z z R˙ ˙ž /0
1, 2  Note that T  is a Hilbert space with respect to the norm 
 .z p, q
rŽ  .Let L 0, 1 , T M , r 1, denote the set of all r-integrable vector-valued
  rŽ  .functions from 0, 1 to T M , and, for 
 L 0, 1 , T M , we define
1r
1 r2
  ² :
  
 s , 
 s ds .Ž . Ž .Ž .Ž .r H Rž /0
Ž  . Ž  .Similarly, one can define the set L 0, 1 , T M and, for 
 L 0, 1 , T M ,
we set
  ² :
  ess sup 
 s , 
 s .' Ž . Ž . Ž . R
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   The functions 	 , r 1, , when restricted to the vector space ofr
continuous vector fields along a fixed curve z, define Banach norms.
Ž1, 2Ž .The semi-Riemannian action-functional f on  M is defined byp, q
1 1² :f z  z s , z s ds. 9Ž . Ž . Ž . Ž .˙ ˙H2 0
Ž . Ž . 1, 2 Ž .From 7 , it follows that the integral 9 is finite for all z M . Thep, q
1, 2 Ž .action functional is smooth on  M , and its differential is given byp, q
1  ² :f  z 
  z ,  
 ds, 10Ž . Ž .˙H z˙
0
1, 2 Ž . Ž .for 
 T  M . Its critical points are smooth curves that satisfy 4 ,z p, q
hence they are geodesics.
1, 2 Ž .We denote by W the smooth distribution on the manifold  Mp, q
consisting of vector fields taking values in ,
1, 2  W z , 
  T M 
 s   , s 0, 1 . 11Ž . Ž . Ž . Ž .½ 5p , q zŽ s.
Ž . 1, 2 Ž .Let  z, 
  z be the projection of W onto  M , and for zp, q
1, 2 Ž . 1, 2 Ž . 	1Ž . M let W denote the subspace of T  M given by  z .p, q z z p, q
1, 2Ž  .  We denote by H 0, 1 , the Hilbert space of functions z : 0, 1 0
1, 2 Ž . Ž .of class H such that  0   1  0.
Ž . 1, 2Observe that a pair z, 
  T belongs to W if and only ifp, q
k

  Y z ,Ž .Ý i i
i1
1, 2Ž  .for some  H 0, 1 , , i 1, . . . , k.i 0
Ž . 1, 2 Ž .Finally, we introduce the space N M of curves z in  M suchp, q p, q
² :that the scalar product z, Y is constant for each i 1, . . . , k,˙ i
N  N MŽ .p , q p , q
1, 2   ² : z M z s , Y z s is constant a.e. on 0, 1Ž . Ž . Ž .Ž˙ p , q i
for each i 1, . . . , k . 12Ž .4
We introduce the space N because it is natural space in which it isp, q
possible to prove the PalaisSmale compactness condition for the action
functional. The details of the proof will be given in Section 4.
The space N can be characterized as the set of the curves z1, 2p, q p, q
Ž .such that the derivative of f  z vanishes in the direction of W .z
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PROPOSITION 2.1.
1, 2  N  z M f  z 
  0 
W . 13Ž . Ž . Ž .½ 5p , q p , q z
Ž .Proof. Let z, 
 be an element of W , then 
 has the form
n

 s   YŽ . Ý i i
i1
1, 2Ž  .for some  H 0, 1 , , i 1, . . . , k.i 0
² :  Since Y is killing, then z,  Y vanishes identically on 0, 1 , hence˙i z i˙
1  ² :f  z  Y  z ,   Y dsŽ . Ž .˙Hi i z i i˙
0
1 ² :² :  z ,  Y z   z , Y z dsŽ . Ž .˙ ˙Ž .H i z i i i˙
0
1 ² :  z , Y z ds. 14Ž . Ž .˙H i i
0
Ž . 1, 2Ž  .The last integral in 14 vanishes for every  H 0, 1 , if and only ifi 0
² Ž .:z, Y z is constant a.e., and so we get the claim.˙ i
In order to prove a variational principle for geodesics, we need to show
that N is a regular manifold.p, q
PROPOSITION 2.2. The set N is a C1-submanifold of 1, 2 .p, q p, q
Proof. Let us consider the map
1, 2 2   kF :   L 0, 1 ,Ž .p , q
15Ž .
² : ² : ² :z z , Y z , z , Y z , . . . , z , Y zŽ . Ž . Ž .˙ ˙ ˙Ž .1 2 k
2Ž  k .and the closed subspace K of L 0, 1 , made of k-tuples of constant
 functions from 0, 1 to ,
K c , c , . . . , c , c , i 1, . . . , k . 4Ž .1 2 k i
	1Ž .It is clear that N  F K and that the map F defined above is of classp, q
C1. The Gateaux derivative of F is easily computed as
  ² :F z 
   
 , Y z  z ,  Y z , i 1, . . . , k , 16² :Ž . Ž . Ž . Ž .˙ž /z i 
 i˙ i
1, 2 1, 2 Ž .where z , 
 T  and  Y z is the covariant derivative of Yp, q z p, q 
 i i
in the direction of the vector field 
 .
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ŽUsing a generalization of the Implicit Function Theorem see Proposi-
 .tion 3.II.2 of 11 , in order to prove that N is a regular submanifold ofp, q
1, 2 it suffices to show that the composite mapp, q
Ž .F  z 1, 2 2 k 2 k   T   T L 0, 1 , T L 0, 1 , T  17Ž .Ž . Ž .z p , q F Ž z . F Ž z . F Ž z .
2Ž  .is surjective, where T L 0, 1 , T K is the quotient Banach spaceF Ž z . F Ž z .
and  is the canonical projection onto the quotient.
This is equivalent to proving that, for every z N and for all hp, q
2Ž  k . Ž .L 0, 1 , , h h , . . . , h , the equation in 
 ,1 k
 F z 
  h c, c c , . . . , c  K, 18Ž . Ž . Ž .1 k
can be solved in T 1, 2 .z p, q
2Ž  k .Then, let z N and h L 0, 1 , be fixed and consider thep, q
vector field along z,
k

  s Y s ;Ž . Ž .Ý i i
i1
1, 2Ž  . 1, 2if  H 0, 1 , for all i, then 
 T  .i 0 z p, q
Ž .Substituting such 
 in 18 we obtain a system of k equations of the
kind
² : 
 , Y z  z ,  Y z  h  c .² :Ž . Ž .˙z i 
 i i i˙
Recalling that since Y is Killing it isi
² :z ,  Y z 	 Y z ,  Y z , 19² :Ž . Ž . Ž . Ž .˙ Y i i z i˙i
Ž .if 
 satisfies 19 one has
² : 
 , Y z  z ,  Y z² :Ž . Ž .˙z i 
 i˙
k k k
 ² :  Y   Y , Y 	  Y ,  YÝ Ý Ýj j j z j i j j z i˙ ˙¦ ;
j1 j1 j1
k k
 ² : ² : ² :  Y , Y    Y , Y 	 Y ,  YŽ .Ý Ýj j i j z j i j z i˙ ˙
j1 j1
k k
 ² : ² : ² :  Y , Y   	  Y , z  z ,  Y˙ ˙Ý Ý ž /j j i j Y j Y ii j
j1 j1
k k
 ² : ² :  Y , Y   Y , Y , z˙Ý Ýj j i j i j
j1 j1
k
 ² :by Hp3   Y , Y  h  c . 20Ž . Ž .Ž . Ý j j i i i
j1
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Now, setting
  ,  , . . . ,  ,Ž .1 2 k
we consider the resulting equation in the entries of the vector ,
k
 ² : Y , Y  h  c . 21Ž .Ý j j i i i
j1
² :If we set a  Y , Y , by the linear independence assumption on the seti j i j
 4 Ž .Y , Y , . . . , Y , we have that the symmetric matrix A a is invertible,1 2 k i j
Ž .and 21 can be rewritten as
A h c.
We can explicitly solve this equation by setting
s
	1 s  A h c dr .Ž . Ž .H
0
Ž .Clearly,  0  0 and we only need to find a constant vector c such that
 1  0. 22Ž . Ž .
Since
1 	1 1  A h c ds 0,Ž . Ž .H
0
if we set
	1
1 1	1 	1c	 A ds A h dsH Hž /0 0
Ž .then 22 is satisfied and the proof is concluded.
Remark 2.3. Observe that in the proof of Proposition 2.2 we have used
Ž 1 	1 .the fact that the integral H A ds gives an invertible matrix. Indeed, by0
Ž . Ž . Ž² :.Hp2 , A a  Y , Y is negative definite and so is its inversei j i j
	1   s Ž .	1matrix A . In particular, s 0, 1 , H A r dr is still negative definite0
and thus invertible. For, given any   k, we have
s s	1 	10 A r  ,  dr A r dr  ,  .² :Ž . Ž .H H¦ ;ž /0 0
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The tangent space T N can now be easily characterized by means ofz p, q
the same Implicit Function Theorem as follows:
COROLLARY 2.4. If z N , the tangent space T N can be identifiedp, q z p, q
with the set
1, 2 ² :T N  
 T   
 , Y z  z ,  Y z² :Ž . Ž .˙½z p , q z p , q z i 
 i˙
 is constant a.e. on 0, 1 for i 1, . . . , k .5
In what follows the restriction of the action functional f on N will bep, q
denoted by J,
J f .Np , q
We can now settle our variational principle for geodesics on semi-
Riemannian manifolds.
THEOREM 2.5. A cure z1, 2 is a geodesic in M if and only ifp, q
z N and z is a critical point for the functional J.p, 1
1, 2 ² :Proof. If z is a geodesic in  , then z, Y , i 1, . . . , k, is constant˙p, q i
and z N . Conversely, if z N is a critical point for the functional Jp, q p, q
Ž .then f  z clearly vanishes on all vectors 
 T N and it vanishes alsoz p, q
1, 2 k 1, 2Ž  .on all vectors 
 T  of the form Ý  Y , with  H 0, 1 , .z p, q i1 i i i 0
In order to obtain the thesis it suffices to show that the space T 1, 2 isz p, q
 k 1, 2Ž  .4the direct sum of the two spaces Ý  Y ,  H 0, 1 , andi1 i i i 0
T N , i.e., that every 
 T 1, 2 can be written asz p, q z p, q
k
˜
  Y  
 , 23Ž .Ý i i
i1
˜where 
 T N .z p, q
To prove this, we consider an arbitrary 
 T 1, 2 and we search kz p, q
1, 2 ˜ kŽ  .functions  H 0, 1 , such that the vector field 
 
	Ý  Yi 0 i1 i i
belongs to T N .z p, q
By Corollary 2.4, one has to find a constant c such thati
˜ 
 , Y z  z ,  Y z  c ,² :² :Ž . Ž .˙ ˜z i 
 i i˙
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that is,
k k
 
	  Y , Y z 	 
	  Y ,  Y zŽ . Ž .Ý Ýz j j i j j z i˙ ˙¦ ;¦ ;ž /j1 j1
k k
² : ² : ² : ² :  
 , Y 	  Y , Y 	   Y , Y 	 
 ,  YÝ Ýz i j j i j z j i z i˙ ˙ ˙
j1 j1
k
² :  Y ,  YÝ j j z i˙
j1
k k
² : ² : ² :  
 , Y 	  Y , Y    Y , z˙Ý Ýz i j j i j Y j˙ i
j1 j1
k
² : ² :	  z ,  Y 	 
 ,  Y˙Ý j Y i z i˙j
j1
k
² : ² : ² :  
 , Y 	  Y , Y 	 
 ,  YÝz i j j i z i˙ ˙
j1
k
  Y , Y , z c . 24² : Ž .˙Ý j i j i
j1
Ž .From Hp3 we obtain the following system of k differential equations that
Ž . Ž . Ž² :.the vector   , . . . ,  has to satisfy, namely, if A a  Y , Y ,i k i j i j
Ž . Ž . Ž² : ² :.K c , . . . , c , and L l   
 , Y 	 
 ,  Y , one has to solve1 k i z i z i˙ ˙
A L	 K.
Since A is invertible, we can set
 A	1 L	 KŽ .
and then
s
	1 s  A L	 K dr . 25Ž . Ž . Ž .H
0
Ž .As  0  0, in order to get our claim we only have to determine K in
such a way that
1 	1 1  A L	 K ds 0.Ž . Ž .H
0
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Ž 1 	1 .By Remark 2.3, the matrix H A ds is negative definite and then0
invertible, therefore, in order to finish the proof, we only need to set
	1
1 1	1 	1K A ds A L ds . 26Ž .H Hž / ž /0 0
Observe that the curves in N have less regularity than the curves inp, q
C . Using standard arguments in Sobolev spaces, one sees that the setp, q
C is contained as a dense subset of N . Thus, in the statements ofp, q p, q
Definition 1.2 and Theorems 1.3 and 1.4 we can replace the space Cp, q
with N .p, q
3. THE LOWER BOUNDEDNESS CONDITION FOR THE
RESTRICTED ACTION FUNCTIONAL
In this section we show that, if N is c-precompact for some cp, q
inf J, then the restricted action functional J is bounded from below inNp,q
N .p, q
Ž . kWith this aim, for z N , we denote by C z  the constant vectorp, q
² : ² : ² :C z  z , Y , z , Y , . . . , z , Y .Ž . ˙ ˙ ˙Ž .1 2 k
For c, we also denote by J c the c-sublevel of J in N ,p, q
J c z N : J z  c .Ž . 4p , q
The crucial fact for the lower boundedness of the functional J is given by
 Ž .the boundedness of the quantity C z , which is proven in the following
lemma.
LEMMA 3.1. Suppose that N is c-precompact for some c. Thenp, q
 Ž . cthere exists a positie constant H such that C z H for all z J .
Proof. Let z be a sequence in J c which is maximizing for the quantityn
Ž .C z , i.e.,
lim C z  sup C z .Ž . Ž .n
n Np , q
By the c-precompactness, there exists a compact subset K of M contain-
ing the image of all the curves z ; the set K is covered by a finite numbern
of local charts
U i , x i , x i , . . . , x i , t i , t i , . . . , t i , i 1, 2, . . . , N ,Ž .1 2 m 1 2 k
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Ž . Ž .adapted to the k-tuple Y , Y , . . . , Y see Appendix A . We recall that1 2 k
this means that, for each i 1, 2, . . . , N, the sets U i are open subsets of M
Ž i i i i . i m kwith compact closure in M , and x , . . . , x , t , . . . , t : U   are1 m 1 k
coordinate functions on U i satisfying the following:
Ž . i ia Y   t on U , for all j 1, . . . , k;j j
Ž . Ž .b the metric coefficients g  g x , . . . , x only depend on the  1 m
first m-variables for all  ,  1, . . . , km;
Ž .c writing the metric tensor g in matrix form, we have
P DTg , 27Ž .ž /D 	Q
Ž .where P and Q are square positive definite matrices of size mm and
k k respectively. Here, DT denotes the transpose matrix of D.
Clearly, we can assume that all the coefficients g are bounded, and so
are the operator norms of the three matrices P, Q, and D.
Moreover, by the uniform convergence of the z , we can also assumen
the following:
Ž .  d there exists a partition of the interval 0, 1 , given by a finite
Ž . isequence 0 a  a  			  a  1, such that z a , a 
U for0 1 n n i	1 i0
all i 1, . . . , n and for n sufficiently large.0
Moreover, we will also assume, without loss of generality, that
i isup t r 	 t r  T  28Ž . Ž . Ž .j 1 j 2 0
j1, . . . , k
i1, . . . , N
r , r U1 2 i
and
sup D r D , 29Ž . Ž .0
rUi
i1, . . . , N
for some positive constant D .0
 For s a , a we writei	1 i
z s  x i s , t i s ,Ž . Ž . Ž .Ž .n n n
where
x i s  x i z s , . . . , x i z s andŽ . Ž . Ž .Ž . Ž .Ž .n 1 n m n
t i s  t i z s , . . . , t i z s .Ž . Ž . Ž .Ž . Ž .Ž .n 1 n k n
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Ž  . Ž .If we denote by 	 	 the Euclidean inner product, from 27 we can write
n0 ai ² :2 J z  z , z dsŽ . ˙ ˙Ý Hn n n
ai	1i1
n0 ai i i i i i i  ˙ ˙ ˙ P x x  2 Dx t 	 Qt t ds. 30Ž .˙ ˙ ˙Ž . Ž . Ž .Ý H ž /n n n n n n
ai	1i1
² : Ž .The condition z , Y  C z givesn˙ j j n
C z Dx i 	Qt i ,  i 1, . . . , n , 31Ž . Ž .˙n n n 0
Ž . 	1 Ž 	1 .and substituting in 30 , considering that Q  Q T , gives
n0 ai i i 	1 i i 	1  2 J z  P x x  Q Dx Dx 	 Q C z C z ds.Ž . Ž . Ž .˙ ˙ ˙ ˙ Ž .Ž .Ý H Ž .ž /n n n n n n n
ai	1i1
Ž . 	1  Ž .Since J z , P, D, and Q are bounded, in order to prove that C z isn n
Ž .bounded, from 32 it suffices to show that
ai i ix x ds 33Ž .˙ ˙Ž .H n n
ai	1
is bounded on n for all i 1, . . . , k.
Ž .From 31 we get
˙i 	1 i 	1t Q Dx 	Q C z , 34Ž . Ž .˙n n n
 and, integrating on a , a , we geti	a i
a ai ii i i 	1 i 	1  t a 	 t a  Q Dx ds	 Q ds C z , 35Ž . Ž . Ž . Ž .˙H Hn n i n i	1 n nž /a ai	1 i	1
and so
	1
a ai i	1 	1 i iC z  Q ds Q Dx ds	  . 36Ž . Ž .˙H Hn n nž / ž /a ai	1 i	1
Indeed, observe that since Q	1 is positive definite then so is the integral
Hai Q	1 ds, hence this matrix is invertible.ai	1
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Ž . Ž . Ž .Recalling that C z is constant, substituting 36 into 32 givesn
n0 ai i i 	1 i i 2c J z  P x x  Q Dx Dx dsŽ . ˙ ˙ ˙ ˙Ž .Ý H Ž .ž /n n n n n
ai	1i1
	1
a ai i	1 i i 	1	 Q Dx ds	  Q ds˙H Hn n ž /ž a ai	1 i	1
ai 	1 i i Q Dx ds	  . 37Ž .˙H n nž / /ai	1
Ž .  i From 28 we get that  is bounded; hence, to prove the boundedness ofn
Ž . Ž .the integrals 33 we only need to prove that, in 37 , the sum of the terms
which are quadratic in x i is bounded.˙n
To prove this, first of all observe that, given the positivity of P, we have
a ai ii i i i P x x ds  x x ds,  i , n , 38Ž .˙ ˙ ˙ ˙Ž . Ž .H Hn n 0 n n
a ai	1 i	1
for some positive number  .0
We now consider the sum
aii 	1 i i  Q Dx Dx ds˙ ˙H Ž .n n n
ai	1
	1
a a ai i i	1 i 	1 	1 i	 Q Dx ds Q ds Q Dx ds . 39Ž .˙ ˙H H Hn nž /ž /a a ai	1 i	1 i	1
 If M is a fixed k k positive definite constant matrix and y: a , a i	1 i
 k is an L2-function, then, by Jensen’s inequality, it is
	1
a a a ai i i i
M ds My ds My ds  My y ds. 40Ž .Ž .H H H Hž /ž /a a a ai	1 i	1 i	1 i	1
 We recall that Jensen’s inequality states that, if y:  ,   K is a
continuous function with values in the convex subset K n and  :
K is a convex function, then
1 1 
 y s ds  y s ds ;Ž . Ž .Ž .H Hž /	  	  
Ž . Ž . Ž  .in our case, to obtain 40 we set  y  My y .
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 Now, on the interval a , a , we can writei	1 i
Q	1 M B , 41Ž .1
	1Ž .where MQ a is a fixed positive definite matrix and the operatori	1
 norm B can be made arbitrarily small by reducing the size of the1
 interval a , a , say,i	1 i
 B   , 42Ž .1 1
Ž .for some small   0. From 41 , we compute as follows1
	1 	1
a a ai i i	1Q ds  M ds B dsH H H 1ž / ž /a a ai	1 i	1 i	1
	1
ai
 a 	 a M B dsŽ . Hi i	1 1ž /ai	1
	1
a1 1 i
 M B dsH 1ž /a 	 a a 	 a ai i	1 i i	1 i	1
1 	1 M B , 43Ž . Ž .2a 	 ai i	1
where
a1 i
B  B dsH2 1a 	 a ai i	1 i	1
is such that
 B   .2 1
Ž 	1 .Observe that, if  is small enough, then the matrix 1M B is1 2
invertible; hence, it is
	1
a 1i 	1	1 	1 	1Q ds  1M B MŽ .H 2ž / a 	 aa i i	1i	1
1 	1 	1 1 B M ,Ž .3a 	 ai i	1
where
B M	1B3 2
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satisfies
 B    0,3 2
and  can be made arbitrarily small with  . Moreover, using the2 1
Ž .	1Neumann series for the quantity 1 B , we get3
	1 21 B  1	 B 1	 B  B 	 			  1 B ,Ž . Ž .3 3 3 3 4
where
 B    0, 44Ž .4 3
where  can be made arbitrarily small with  . Then, we can write3 1
	1
a 1 1i 	1 	1Q ds  M  BH 4ž / a 	 a a 	 aa i i	1 i i	1i	1
	1
a 1i
 M ds  B .H 4ž / a 	 aa i i	1i	1
Ž . Ž .By 41 and 45 , since M is constant, we have
	1
a a ai i i	1 i 	1 	1 iQ Dx ds Q ds Q Dx ds˙ ˙H H Hn nž /ž /a a ai	1 i	1 i	1
	1
a a ai i ii i M Dx ds M ds M B Dx dsŽ .˙ ˙H H Hn 1 nž /ž /a a ai	1 i	1 i	1
a aBi i4i i M Dx ds M B Dx dsŽ .˙ ˙H Hn 1 nž /a 	 aa ai i	1i	1 i	1
	1
a a ai i ii i B Dx ds M ds M B Dx dsŽ .˙ ˙H H H1 n 1 nž /ž /a a ai	1 i	1 i	1
a aBi i4i i B Dx ds M B Dx ds . 46Ž . Ž .˙ ˙H H1 n 1 nž /a 	 aa ai i	1i	1 i	1
Now, by Holder’s inequality, we have¨
2
1a a1 i	1 i2i i i i 	 Dx Dx ds  Dx Dx ds. 47Ž .˙ ˙ ˙ ˙Ž . Ž .H Hn n n nž /a 	 a a ai i	1 i i	1
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Ž .Then, using the c-precompactness, from 46 we have the existence of a
positive constant k such that0
	1
a a ai i i	1 i 	1 	1 iQ Dx ds Q ds Q Dx ds˙ ˙H H Hn nž /ž /a a ai	1 i	1 i	1
	1
a a ai i ii i M Dx ds M ds M Dx ds˙ ˙H H Hn nž /ž /a a ai	1 i	1 i	1
2
1a   i	11 3 2i i 	 k 	 Dx Dx ds˙ ˙Ž .H0 n nž /a 	 a ai i	1 i
ai i i    k Dx , Dx ds. 48Ž . Ž .˙Ž .H1 3 0 n n
ai	1
If we set
    	 k , 49Ž . Ž .1 3 0
Ž . Ž .from 39 and 40 we obtain
aii i i 	 Dx Dx ds. 50Ž .˙ ˙Ž .Hn n n
ai	1
Ž .Finally, from 29 , we obtain
aii 2 i i 	D x x ds. 51Ž .˙ ˙Ž .Hn 0 n n
ai	1
 Now, each interval a , a can be chosen small enough so that thei	1 i
Ž .constant  of 49 satisfies
 0
 ,2D0
Ž . Ž . ai Ž i  i . ithen from 38 and 51 we see that the term H P x x ds dominates  .˙ ˙a n n ni	1
Ž . ai Ž i  i .Hence, the inequality 37 implies that the sum of the integral H x x ds˙ ˙a n ni	1
is bounded, which concludes the proof.
Remark 3.2. Observe that if N is c-precompact for some c,p, q
then, by definition, all the curves z J c have image in a compact subset
K of M. Hence, by continuity, there exist positive constants  ,  such1 2
that
Y z s , Y z s   , i , j 1, 2, . . . , k , 52² :Ž . Ž . Ž .Ž . Ž .i j 1
GEODESICAL CONNECTEDNESS 465
Ž . Ž Ž .. Ž² Ž . Ž .:.and, denoting by A q the matrix a q  Y q , Y q ,i j i j
det A z s    0, 53Ž . Ž .Ž .Ž . 2
c  for all z J and s 0, 1 .
PROPOSITION 3.3. If N is c-precompact for some c inf J, then J isp, q Np, q
bounded from below in N .p, q
Proof. Suppose N is c-precompact and let z J c be fixed. Forp, q
Ž .   Ž .almost all s 0, 1 , we decompose the tangent vector z s as˙
z s  
 s  
 s ,Ž . Ž . Ž .˙ 1 2
Ž .  Ž .with 
 s   and 
 s   .1 zŽ s. 2 zŽ s.
By the definition of the Riemannian metric g , we haveŽR .
1 1² : ² :J z  z , z ds 2 
 s , 
 s ds. 54Ž . Ž . Ž . Ž .˙ ˙H ŽR . H 2 2
0 0
Ž .Since the first integral in 54 is nonnegative, it suffices to show the lower
Ž .boundedness of the second integral in 54 . To prove this, we write
k

 s   s 	 Y z s ;Ž . Ž . Ž .Ž .Ý2 i i
i1
Ž . Ž .from 52 it is enough to prove that the coefficients  s are bounded oni
  Ž . ² :0, 1 . These coefficients are related to the constants C z  z, Y and to˙j j
Ž .the matrix A a by the system of linear equationsi j
k
C z   s 	 Y z s , Y z s , j 1, . . . , k .² :Ž . Ž . Ž . Ž .Ž . Ž .Ýj i i j
i1
Thus, the boundedness of the  ’s follows at once from Lemma 3.1 andi
Ž .from 53 .
4. THE PALAISSMALE CONDITION FOR THE
RESTRICTED ACTION FUNCTIONAL
In this section we will prove Theorem 1.3, using standard critical point
theory for functionals satisfying the PalaisSmale condition. Observe that
it is necessary to consider PalaisSmale sequences, rather than minimizing
sequences for the functional J, because the constraint z N is notp, q
weakly closed in 1, 2 .p, q
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Ž .We recall that if X, h is a Hilbert manifold and F: X is a
C1-functional on X, then  is said to satisfy the PalaisSmale condition at
 4level c if every sequence x 
 X satisfyingn n
PS1 lim F x  c,Ž . Ž .c n
n
PS2 lim F x  0Ž . Ž .c n
n
Ž .has a subsequence converging in X. The norm considered in PS2 is the
operator norm in the Hilbert space T X.x n
Ž . Ž .A sequence x in X that satisfies PS1 and PS2 will be called an c c
ŽŽ . .PalaisSmale sequence at level c PS for short for the functional F.c
THEOREM 4.1. If N is c-precompact, then J satisfies the PalaisSmalep, q
condition at eery leel c c.
Proof. Let c c be fixed and let z be a PalaisSmale sequence atn
the level c. Arguing as in Lemma 3.1, we obtain a subsequence of z , stilln
denoted by z , that converges weakly to some z1, 2 . Now we proven p, q
Ž .that this convergence is strong by using the fact that J z is infinitesimal.n
1, 2 1, 2Ž  . Ž .Let 
  T  be any bounded sequence in H 0, 1 , T M ; by 23 , wen z p, qn
can write
k
˜
   Y z  
 ,Ž .Ýn i i n n
i1
˜Ž . Ž . Ž .where   , . . . ,  is given by 25 and 26 , while 
  T N .1 k n z p, qn1, 2Ž  . Ž . Ž .Since 
 is bounded in H 0, 1 , T M , from 25 and 26 , it can ben
˜ 1, 2Ž  .easily seen also that 
 is bounded in H 0, 1 , T M , hencen
1˜ ˜² :lim J z 
  lim z ,  
 ds 0. 55Ž . Ž .˙Hn n n z nn˙n n 0
² : ² :Recalling that z , Y is constant and that z ,  Y  0, it is˙ ˙n i n z˙n
k k
1 1 ² :z ,   Y ds  z , Y ds˙ ˙Ý ÝH Hn z i i i n in˙¦ ;ž /0 0i1 i1
k
1 ² :  z ,  Y ds 0. 56Ž .˙Ý H i n z in˙
0i1
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Ž . Ž .Putting together 55 and 56 , we obtain
1² :lim z ,  
 ds 0. 57Ž .˙H n z nn˙n 0
We need the following technical result:
LEMMA 4.2. In the aboe notations, there exists a sequence  in T 1, 2n z p, qn2Ž  .that tends to 0 in L 0, 1 , T M and such that
1 1² : ² :z ,  
 ds  ,  
 ds. 58Ž .˙H Hn z n n z n˙ ˙n n
0 0
 Proof. The proof is done for the Lorentzian case in 10 . The case of a
semi-Riemannian manifold of arbitrary index is treated analogously.
We can now consider the sequence of vector fields
  z 	  . 59Ž .˙n n n
Ž . 1From 58 we deduce that  is of class C and thatn
   0. 60Ž .z nn˙
  2Ž  . 2  Since z is bounded and  to 0 in L 0, 1 , T M , the L -norm ˙ 2 2n n n
 4  of  is bounded. Then it is possible to find a sequence s 
 0, 1 and an n
constant c such that0
 s  c , n. 61Ž . Ž .n n 0
Ž .Gronwall’s Lemma applied to the differential equation 60 and the
Ž .boundedness condition 61 gives the existence of   0 such that0
1 H  z  d r˙0 0 n   s  c 	 e , s 0, 1 .Ž .n n 0
It follows that  is bounded in L.n
Ž . 2 Ž .From 59 it follows that z is bounded in L , and since z 0 is fixed then˙ n
sequence z is uniformly bounded.n
Ž .Writing equation 60 in coordinates, it becomes
   z z ,   0, 62Ž . Ž .˙n n n n
Žwhere  is a continuous function in z which can be expressed using then
.Christoffel symbols of g , which is linear in the argument z and  . Fromn˙ n
Ž .  2 1, 262 , we obtain that  is bounded in L and thus  is bounded in H .n n
It follows that a subsequence of  , still denoted by  , is weaklyn n
1, 2 2Ž  .convergent in H , and, in particular,  is convergent in L 0, 1 , T M .n
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Therefore, there exists a subsequence of z that tends to z strongly inn
1, 2 .p, q
2 ² :By the L -convergence, a subsequence of z , Y converges pointwise ton˙ i
² : ² :z, Y almost everywhere for every i 1, . . . , k; this implies that z, Y is˙ ˙i i
constant a.e., and then that z N .p, q
We prove now the completeness of the c-sublevels of J using the
c-precompactness condition:
PROPOSITION 4.3. Let c be fixed. If N is c-precompact, then J c isp, q
a complete metric subspace of N for all c c.p, q
Proof. It suffices to consider the c-sublevel. Since all the curves in J c
Ž .lie in a compact set see Remark 3.2 , we can assume that M is complete
with respect to the Riemannian metric g . This implies that 1, 2 is aŽR. p, q
complete Hilbertian manifold. If z is a Cauchy sequence in J c then zn n
1, 2 ² :converges to some z in  and, up to passing to a subsequence, z , Y˙p, q n i
² :converges pointwise to z, Y almost everywhere for every i 1, . . . , k.˙ i
² :  Then z , Y is constant a.e. on 0, 1 and z N . By the continuity of J,n˙ i p, q
cŽ .it is J z  c and then J is complete.
We can now prove Theorem 1.3.
Proof of Theorem 1.3. Once the PalaisSmale condition, the complete-
ness of the sublevels of J, and the boundedness property J are proved, the
claim is an immediate application of the classical deformation lemmas for
Ž  .PalaisSmale functionals see 13 .
Remark 4.4. Note that we need the existence of a minimizing
PalaisSmale sequence in order to obtain the existence of a minimal point
for J. Indeed, one cannot use any minimizing sequence because our
constraint is not closed with respect to the weak convergence.
5. MULTIPLICITY OF GEODESICS
The goal of this section is to give a proof of Theorem 1.4 by means of
the LjusternikSchnirelman theory for PalaisSmale functionals.
We recall the following definition:
DEFINITION 5.1. If X is a topological space and B is any subset of X,
Ž .the LjusternikSchnirelman category cat B of B in X is the mini-X
Ž .mal number possibly infinite of closed, contractible subsets of X that
cover B.
The LjusternikSchnirelman category of B in X is a homotopic invari-
Ž . Ž Ž ..ant, in the sense that cat B  cat F B for every continuous mapX F Ž X .
Ž .F: X F X which is a homotopy equivalence.
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Ž  .A well-known result by Fadell and Husseini see 8 states that if M is
1, 2 Ž .noncontractible then the category of the space  M is infinite.p, q
We show now that if the Y ’s are complete then N and 1, 2 have thei p, q p, q
same homotopy type.
PROPOSITION 5.2. Suppose that the Killing ector fields Y are complete,i
i 1, . . . , k. Then, there exists a smooth map F: 1, 2  N which is ap, q p, q
homotopy equialence.
Proof. For all i 1, . . . , k, let  i: M M denote the flow of the
vector field Y ; we define a map F : 1, 2 1, 2 byi i p, q p, q
F z s   i z s ,  s ,Ž . Ž . Ž . Ž .Ž .i i
 where  : 0, 1  is a function to be determined. Observe that, in orderi
for F to take values in 1, 2 , the function  must be of class H 1, 2 andi p, q i
must satisfy the boundary conditions
 0   1  0. 63Ž . Ž . Ž .i i
  iŽ . jŽ .The relation Y , Y  0 implies that the flows  	, t and  	, s com-i j
mute, and so do the maps F and F ,i j
F F  F F ,  i , j. 64Ž .i j j i
Moreover, denoting by d  i the derivative of the flow  i with respect tox
Ž .the first variable which is an isometry by the Killing property of Y , thei
 commuting relation Y , Y  0 yieldsi j
i id  x , t Y x  Y  x , t . 65Ž . Ž . Ž . Ž .Žx j j
Ž . Ž .The formulas 64 and 65 are easily proven passing in local coordinates
Ž .see Appendix A , as the vector fields Y can be taken to be coordinatei
fields.
Let F: 1, 2 1, 2 denote the mapp, q p, q
F F F  			F ;1 2 k
1, 2 Ž . Ž . Ž .for z , let’s take w F z . From 64 and 65 , we compute easilyp, q
k
1 2 kw s  d  d   			d  z s   s 	 Y w s , 66Ž . Ž . Ž . Ž . Ž .Ž .˙ ˙Ž . Ýx x x i i
i1
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Ž . jand, for all i, using 65 and the isometry property of d  , it isx
k
² : ² : ² :w , Y  z , Y  Y , Y  .˙ ˙ Ýi i i j j
j1
Ž .In the notation of Section 3, we denote by A a the k k matrix withi j
² :coefficients a  Y , Y ; moreover, we denote by  and Z the columni j i j
vectors
² :z , Y˙ 11
² : z , Y˙2 2
 , Z ,. .. .. . 0  0 ² :z , Yk ˙ k
Ž .and by C a generic column vector with constant entries c yet to bei
² :determined. Using this notation, the conditions w, Y  c translate into˙ i i
the system of differential equations
A C	 Z. 67Ž .
Ž . 1, 2 Ž .Observe that all the solutions  of 67 are of class H . If we solve 67
Ž .with the initial condition  0  0, and if we set
	1
1 1	1 	1C A ds 	 A Z ds, 68Ž .H Hž /0 0
Ž . Ž .we obtain  1  0, i.e., that the boundary conditions 63 are satisfied,
and so F is a well-defined map on 1, 2 with image in N .p, q p, q
By standard theorems on the regular dependence on the data for
ordinary differential equations, it follows easily that the maps  dependi
smoothly on z, hence F is smooth on 1, 2 . Moreover, the map H :i p, q i
1, 2   1, 2  0, 1  given byp, q p, q
H z ,  s   i z s ,  	  sŽ . Ž . Ž . Ž .Ž .i i
is a smooth homotopy between F and the identity map on 1, 2 , hencei p, q
each F is a strong deformation retract, and so is F. Observe that ifi
Ž . Ž .z N , then from 68 it follows that C Z, and from 67 we obtainp, q
Ž . 0 and F z  z, hence F is the identity on N .p, q
Remark 5.3. Observe that from Proposition 5.2 it follows in particular
that the spaces N and C are nonempty.p, q p, q
We now prove the upper unboundedness of the restricted action func-
tional J on N .p, q
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Ž .LEMMA 5.4. The restricted action functional J is unbounded from aboe
in N .p, q
1, 2 Ž .Proof. Let z be fixed and w F z . In the notation of Propo-p, q
Ž .sition 5.2, recalling that the matrix A is symmetric, from 66 we compute
directly
k k
  ² : ² : ² : ² :w , w 	 z , z  2  z , Y    Y , Y˙ ˙ ˙ ˙ ˙Ý Ýi i i j i j
i1 i , j1
  2  Z  A Ž . Ž .
	1  	1  A C C 	 A Z Z , 69Ž .Ž . Ž .
Ž  . k Ž . Ž .where 	 	 denotes the Euclidean product in  . Substituting 68 in 69
 and integrating on 0, 1 , we obtain
	1
1 1 1	1 	1 	12 J w 	 f z  A Z ds A ds A Z dsŽ . Ž .Ž . H H Hž /ž /0 0 0
1 	1 	 A Z Z ds. 70Ž .Ž .H
0
 4 1, 2We use the following construction to build a sequence z in  :n n p, q
1, 2  Let z be any fixed curve in  and a, b 0, 1 be close enough, so thatp, q
Ž . Ž .the corresponding points z a and z b lie in an open set U of M which is
Ž .the domain of a local coordinate system adapted to the k-tuple Y , . . . , Y .1 k
We use the same notations as those adopted in the proof of Lemma 3.1
Ž . Ž .see also Appendix A ; the coordinate functions will be denoted x, t :
Umk. We also assume that U has compact closure in M.
Ž .  Let   x , t : a, b U be a sequence of smooth curves satisfyingn n n
the following properties:
Ž . Ž . Ž . Ž . Ž .1  a  z a ,  b  z b for all n;n n
Ž . Ž Ž .. Ž Ž ..2 t  t is a fixed curve joining the points t z a and t z b ;n
Ž . 1, 1Ž  m.3 x is bounded in H a, b , ;n
Ž . 1, 2Ž  m.4 x is unbounded in H a, b , .n
Finally, we denote by z the sequence in 1, 2 defined byn p, q
     z s  z s if s 0, a  b , 1 and z s   s for s a, b .Ž . Ž . Ž . Ž .n n n
 4By construction, the sequence z is made of curves having theirn n
image in a fixed compact subset of M ; moreover, it is bounded in
1, 1Ž  . ² :H 0, 1 , M . It follows that the family of functions z , Y is boundedn˙ i
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1Ž  . ² :in L 0, 1 , ; denoting by Z the column vector with entries z , Y , we˙n n i
have
	1
1 1 1	1 	1 	1A Z ds A ds A Z ds  a , 71Ž .H H Hn n 0ž /ž /0 0 0
for some a  0.0
Ž . Ž .Moreover, by the properties 2 and 4 of  , it follows easily thatn
lim f z . 72Ž . Ž .n
n
Ž . 	1 Ž . Ž .Setting w  F z , since A is negative definite, formulas 70 , 71 , andn n
Ž .72 imply immediately that
lim J w , 73Ž . Ž .n
n
and we are done.
The proof of Theorem 1.4 is based on the following result of the
classical LjusternikSchnirelman theory on infinite-dimensional manifolds
Ž  .see, e.g., 12, 13 :
THEOREM 5.5. Let M be a Hilbert manifold and F: M be a
C1-functional on M. Suppose that the following hypotheses are satisfied:
Ž .1 F is bounded from below;
Ž .2 F satisfies the PalaisSmale condition at eery leel c inf F;M
Ž . c3 for all c inf F, the subleel F is a complete metric subspaceM
of M.
Ž .Then, there exists at least cat M critical points of F in M. Moreoer, ifM
Ž .cat M , there exists a sequence x of critical points of F in M suchM n
that
lim F x  sup F . Ž .n
n M
Proof of Theorem 1.4. By a well-known result of Fadell and Husseini
Ž  . 1, 2 Ž .see 8 , if M is noncontractible then the category of the space  Mp, q
is infinite. By Proposition 5.2, it is
cat N M  cat 1, 2 M .Ž . Ž .Ž . Ž .p , q p , q
Hence, the proof follows at once from Theorem 5.5, whose hypotheses are
proven in Theorem 4.1, Proposition 4.3, and Lemma 5.4.
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APPENDIX A: ABOUT THE LOCAL STRUCTURE OF
Ž .M , g
Ž .In this appendix we describe the local metric structure of a m k -
Ž .dimensional semi-Riemannian manifold M , g satisfying the hypotheses
Ž . Ž . Ž .Hp1 , Hp2 , and Hp3 introduced in Section 1.
 Given k nonzero vector fields Y , . . . , Y on M satisfying Y , Y  0 for1 k i j
Ž  .all i, j 1, . . . , k, by standard results in differential geometry see e.g. 11
around every point p of M there exists a neighborhood U and a0
coordinate system on U given by the functions
x , . . . , x , t , . . . , t : UmkŽ .1 m 1 k
such that, on U, it is

Y  , i 1, . . . , k .i  ti
We can also choose the functions x in such a way that the subspacej
Ž . Ž .  p of T M , generated by the vectors  x , is space-like, i.e., thep0 p j 00
Ž .restriction of the metric tensor g to  p is positive definite. Since such0
Žcondition is open it is given by the positivity of a finite number of
.determinants in the coefficients of the metric tensor g , by restricting the
neighborhood U we can assume that the distribution generated by the
 x ’s, is space-like on U. We will say that such a coordinate system isj
adapted to the k-tuple Y , . . . , Y .1 k
Using these coordinates, we can therefore write the metric tensor g in
matrix form,
P DTg ,ž /D 	Q
where P is a mm positive definite matrix, Q is a k k positive
definite matrix, D is a km matrix, and DT is its transpose.
Ž . m kIf q M and  ,    is a tangent vector in T M , thenq
  g q  ,  ,  ,   P q    2 D q   	 Q q   ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
Ž  .where 	 	 denotes the Euclidean inner product.
It is an easy observation that the Killing property of the vector fields Y ,i
i 1, . . . , k, is expressed by the fact that the metric coefficients g of gi j
with respect to any coordinate system adapted to the k-tuple Y , . . . , Y do1 k
not depend on the variables t . Namely, denoting by r , i 1, . . . , m k,i i
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any coordinate system such that  r  Y for im, and writingi i	m
Ž . ² :g g , g   r ,  r , it isi j i j i j
 g  i j   Y ,   Y ,  0. k k¦ ; ¦ ; t  r  rk j i r  ri j
APPENDIX B: AN EXAMPLE
In this appendix we give an example to illustrate our abstract theory.
k ŽWe consider a manifold M given by a global splitting M  or0
k k 1 1 1 .M   , with   S  S  			 S the k-dimensional torus where0
M is a closed m-dimensional submanifold of the Euclidean space N. We0
Ž  .denote by 	 	 the Euclidean scalar product. We consider the semi-
Riemannian metric on M
  g x, t  ,  ,  ,   P   2 D  	 Q  , 74Ž . Ž . Ž . Ž .Ž . Ž . Ž .
k Ž k . kwhere x M , t or  ,  T M , and   .0 x 0
Ž . Ž . Ž .Here, P P x and Q x are square positive definite matrices of size
Ž . kmm and k k, respectively, and DD x : T M  is a matrixx 0
operator. We assume that P, Q, and D depend smoothly on x; moreover,
the following boundedness assumptions are made
	1sup Q x N, sup Q x  ,Ž . Ž .
xM xM0 0
	1sup P x  P , and sup D x D .Ž . Ž .0 0
xM xM0 0
Finally, we make the assumption that the following inequality is satisfied:
 2ND2  P . 75Ž .0 0
Let us consider the time-like Killing vector fields on M defined by
 Y   t , i 1, . . . , k. Being coordinate vector fields one has that Y , Yi i i j
Ž . Ž . Ž . 0 for i, j 1, . . . , k. So, the hypotheses Hp1 , Hp2 , and Hp3 of
Theorem 1.3 are satisfied.
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Ž .As to the c-precompactness hypothesis, if z  x , t is a sequence inn n n
c Ž Ž ..J , then, arguing as in the proof of Lemma 3.1 see Formula 37 , we
prove easily that
1 	1 2c J z  P x x  Q Dx Dx dsŽ . ˙ ˙ ˙ ˙Ž .H Ž .ž /n n n n n
0
	1
1 1 1	1 	1 	1	 Q Dx ds	  Q ds Q Dx ds	  ,˙ ˙H H Hn nž / ž /ž /0 0 0
76Ž .
Ž . Ž . Ž . Ž .where  t q 	 t p . Using the inequality 75 , from 76 and then n
 	1 boundedness of Q we obtain that the integral
1
x x ds˙ ˙Ž .H n n
0
is bounded. From the completeness of M it follows that x is uniformly0 n
1, 2Ž  .convergent to a curve xH 0, 1 , M . Moreover, x is bounded in0 n
1, 2Ž  .H 0, 1 , M .0
From the equality
˙ 	1 	1t Q Dx 	Q C zŽ .˙n n n
Ž Ž .. Ž . Žsee Formula 34 it follows, first, that C z is bounded integrating overn
 . 1, 2Ž  k .0, 1 and then that t is bounded in H 0, 1 , . Hence, t has an n
uniformly convergent subsequence and so does z .n
Thus, C is c-precompact for all c.p, q
By Theorem 1.3, the manifold M is geodesically connected; moreover,
by Theorem 1.4, if M is not contractible then there exist infinitely many0
Ž .geodesics z , of arbitrary large f z , joining every pair of points p and q.n n
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